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are observed during the faster process of shape corrections, that is,
for smaller t f .

IV. Conclusions
A novel mathematical model, computer simulations, and exper-

imental veri� cations of minimum vibrations that occur during a
static shape control using glued collocated piezoelectric actuator/
multichannel � bre-optic sensor pairs is presented. The essence of
the approach consists in the applicationof an optimum voltagepro-
� le obtained off-line by use of Pontryagin’s principle. The applied
optimum voltage pro� le produced the desired shape modi� cation
with negligible vibration of the structure as predicted by the simu-
lation.

The results obtained from the optimum control technique have
been compared with those of other admissible control pro� les. The
experimental and simulation results demonstrated that the devel-
oped Pontryagin’s principle technique creates minimum transient
and residualvibrationsandallowfastershapecorrectionmaneuvers.
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I. Introduction

A NOVEL concept of distributing the functionality of large
spacecraft among smaller, less expensive, cooperative space-

craft is seriouslybeingconsideredfor numerousspacemissions (see
also http://www.vs.afrl.af.mil/factsheets/TechSat21.html).1 A prac-
tical implementation of the concept relies on the control of relative
distances and orientations between the participating spacecraft. A
ground-basedcommand and control system for relative positioning
of multiple spacecraft will be excessively burdened and complex
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and may not be able to provide suf� ciently rapid corrective control
commands for formation recon�guration and collision avoidance.
Thus, the concept of autonomous formation � ying of spacecraft
clusters is vigorously being studied by numerous researchers. In
particular, NASA and the U.S. Air Force have identi� ed multiple
spacecraft formation � ying (MSFF) as an enabling technology for
future missions. NASA has shown a keen interest in the develop-
ment of a reliable autonomousformationkeeping strategy to deploy
multiple spacecraftfor deep spacemissions,e.g., the Earth Orbiter-I
and theNew MillenniumInterferometer(NMI), also known as Deep
Space-3. In addition, the U.S. Air Force’s TechSat-21 seeks to push
the frontier in microscale MSFF to enable global awareness and
rapid access to space in the 21st century.

A number of space missions necessitate MSFF. For example,
dockingof the space shuttle with a space station requires spacecraft
rendezvous where it is necessary to � y two spacecraft in close for-
mation in order to capture and dock at the speci� ed time with zero
relative velocity. Similarly, spacecraft recovery and servicing mis-
sions rely on MSFF. Applications of MSFF to a ground-based ter-
restriallasercommunicationsystemarediscussedin Ref. 2, whereas
station keeping for the Space Shuttle Orbiter is mentioned in Ref. 3.
In recent years Ref. 4 considered MSFF for NASA’s NMI, which
relies on separated spacecraft interferometry, whereas an MSFF-
based stereo imaging concept is discussed in Ref. 5. Finally, in the
next millennium the U.S. Air Force’s TechSat 21 is expected to
providediverse capabilities,includingrecon� gurable instantaneous
synthetic aperture radar, sensor data fusion from multiple platforms
for stereo imaging, theater-wide surveillance,all weather operation
and performance, etc., leading to the U.S. Air Force mission of
global virtual presence.

Most prior missions requiring MSFF have been carried out using
manual � ight control6 and have been limited to one-leader-one-
follower con� guration. In the case of formation � ying of clusters of
multiple spacecraft,collision avoidancebecomes a signi� cant issue
for which ground/manual control may not be reliable.Thus, the de-
velopment of autonomous formation control strategies is critical to
the successofMSFF. Even thoughtheconceptof autonomousMSFF
has notbeen � ight testedyet, several theoreticalandsimulationstud-
ies dealing with MSFF have been reported in the literature.2 ¡ 5,7 In
particular, in previous research the nonlinearspacecraft relative po-
sition dynamic equations have been developed and linearized2,8 ¡ 10

to obtain the Clohessy–Wiltshire (C-W) equations.9 Furthermore,
an impulsive control-based, discrete-time, spacecraft relative posi-
tion dynamic model and linear quadratic (LQ) regulation technique
have been derived in Ref. 2. This methodologyhas been extendedto
nonzero set-point tracking control using a combinationof feedback
and feedforwardcontrol techniques.3 An alternativecontrol scheme
using an on-off phase-plane controller can provide ease of imple-
mentation. One such algorithm using differential drag elements for
actuation is reported in Ref. 11. Latest advances in the phase-plane
control design are reported in Ref. 12. Recently, a Lyapunov-based
MSFF control design framework has been developed in Ref. 7,
which considers absolute attitude alignment and relative transla-
tional motion control.

To minimize fuel consumption in MSFF, Refs. 2 and 3 have pro-
posed the use of sample-data, full-state feedback impulsive con-
trol schemes. Speci� cally, a discrete-time model for the linearized
spacecraft relative position dynamics has been derived in Ref. 2,
assuming that the control is applied impulsively at the sampling in-
stant (as opposed to the standard zero-order,sample-and-holdtech-
nique where the control is held constant over the entire sampling
interval13). However, the approach of Refs. 2 and 3 fails to provide
rigorous, a priori guarantees of the closed-loop system stability.
This technique also fails to take advantage of recent developments
in propulsion technologies. In particular, high-performance Hall
thrusters,pulseplasma thrusters, etc., are currentlybeing developed
to meet the requirements for future MSFF missions.14 These low-
weight, high-performancethrusters are expected to provide contin-
uous thrusting capabilities for short time intervals, several times
every day (if necessary). These advancements in propulsion tech-
nologies necessitate the development of novel pulse-based, space-
craft relative position and orientation control laws. In this Note we
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develop pulse-based, discrete-time feedback control laws. Speci� -
cally, we design full-state feedback controllers that ensure closed-
loop stability in the presence of pulse-type actuators. Before pro-
ceedingwith the developmentof pulse-basedcontrol scheme, in the
next section we review the modeling of spacecraft relative position
dynamics.

II. Spacecraft Relative Position Dynamic Modeling
In this section we begin with the classical C-W equations9 that

describe the motion of a follower spacecraft relative to a leader
spacecraft. To present the C-W equations, we assume that 1) the
leader spacecraft is in a circular orbit around the Earth with an
angular velocity x and 2) a rectangularmoving coordinate frame is
attached to the leader spacecraft with the x axis pointing opposite
to the instantaneous tangential velocity of the leader spacecraft,
the y axis pointing along the instantaneous position vector from
Earth center to the leader spacecraft, and the z axis is mutually
perpendicular to the x and y axis and x-y-z form a right-handed
coordinate frame. Thus, it follows that the z axis is perpendicular
to the orbital plane. Next, let ¯q denote the position vector of the
follower spacecraft relative to the leader spacecraft. In addition, let
¯q = x î + y ĵ + zk̂ and ¯x = x k̂ be the vector representationsof ¯q and
¯x , respectively,in the moving referencex-y-z. Then, it follows from

Refs. 2 and 10 that the linearized dynamic equations governing the
motion of the follower spacecraft relative to the leader spacecraft
are given by

ẍ ¡ 2x Çy = Fx (1)

ÿ + 2 x Çx ¡ 3x 2 y = Fy (2)

z̈ + x 2z = Fz (3)

where Fi , i = x, y, z, is the i th component of the resultant speci� c
externaldisturbanceand/or speci� c control force (i.e., force per unit
mass) acting on the relative motion dynamics.

Equations (1–3) are known as the C-W equations and were origi-
nally derived in the context of the spacecraft rendezvousproblem.9

References 2 and 10 have shown that the open-loop spacecraft rel-
ative position dynamics are inherently unstable, and in the absence
of any control input, a nonzero initial conditionor a nonzeroexoge-
nous disturbancewill cause the two spacecraftto drift apartwith the
passage of time.

Next, to design pulse-based, discrete-time controllers that ac-
complish the spacecraft formation � ying objective, we begin with
a continuous-time, state-space description of Eqs. (1–3). Thus, we
de� ne the state variables x1

D
= x , x2

D
= Çx , x3

D
= y, x4

D
= Çy, x5

D
= z, and

x6
D
= Çz. Using these state variables and observing the fact that the

in-plane(x-y) dynamicsare decoupledfrom the out-of-plane(z) dy-
namics, the state-space description for the combined in-plane and
out-of-planedynamics is given by

Çx(t ) =

µ
A1( x ) 04 £ 2

02 £ 4 A2( x )

¶
x(t ) +

µ
B1 04 £ 1

02 £ 2 B2

¶
u(t) (4)

where x
D
= [x1 x2 x3 x4 x5 x6]T , u

D
= [ux u y uz]T , and

A1( x )
D
=

2

664

0 1 0 0

0 0 0 2x

0 0 0 1

0 ¡ 2x 3 x 2 0

3

775 , B1
D
=

2

664

0 0

1 0

0 0

0 1

3

775

A2( x )
D
=

µ
0 1

¡ x 2 0

¶
, B2

D
=

µ
0

1

¶
(5)

with u i for i = x, y, z being the control input.
Next, we obtain a sampled-data representation of the preceding

continuous-time, state-space model of spacecraft relative position
dynamics.13 Thus, let T1 and T2 be the in-plane and out-of-plane
sampling intervals, respectively,and de� ne

A1d ( x )
D
= eA1( x )T1 , B1d ( x )

D
=

Z T1

0

eA1 ( x )(T1 ¡ s) ds B1

A2d ( x )
D
= eA2( x )T2 , B2d ( x )

D
=

Z T2

0

eA2 ( x )(T2 ¡ s) ds B2

With the precedingnotation the combinedin-planeand out-of-plane
sampled-data spacecraft relative position dynamics are given by

x(k + 1) =

µ
A1d ( x ) 04 £ 2

02 £ 4 A2d ( x )

¶
x(k) +

µ
B1d ( x ) 04 £ 1

02 £ 2 B2d ( x )

¶
u(k)

(6)

where x(k)
D
= [x1(kT1) x2(kT1) x3(kT1) x4(kT1) x5(kT2) x6(kT2)]T ,

u(k)
D
= [u1(kT1) u2(kT1) u3(kT2)]T , etc.

III. Linear Pulse Control
As discussed earlier, a number of advanced pulse-type actuation

technologies are currently being developed for spacecraft propul-
sion.Furthermore,it appearsthat, at least for theEarth-centricMSFF
missions,it is wiser to exploitKepler than to � ghtKepler.15 Thus, the
various leader and follower spacecraft in the cluster of cooperative
spacecraft can be typically parked in their natural orbits between
useful mission operation periods. Next, for useful mission opera-
tion, the participating spacecraft can achieve the desired formation
while still in their natural orbits. However, to extend the formation
life for each cycle, it will be necessary to provide control thrust
to mitigate the destabilizingin� uence of gravitationalperturbation,
differential drag, solar pressure disturbance, etc. In this section we
developpulse-basedcontrollersthatutilizecontinuousthrusting,for
possibly short intervals, to achieve and maintain the formation con-
� guration. The proposed pulse-based control design methodology
is outlined next.

Consider the time-invariant,pulse-based,discrete-time feedback
control system

x(k + 1) = U x(k) + C u(k), k = 0, 1, . . . (7)

u(k) = K x(k), k = nN , . . . , nN + p ¡ 1

= 0, k = nN + p, . . . , nN + p + q ¡ 1 (8)

where x is the system state vector, u is the control input vector, U is
the system dynamic matrix, C is the input matrix, n =0, 1, 2, . . . ,
and N = p + q is the number of samples in one complete cycle over
which the control is � rst turned on for p samples and then off for
the remaining q samples. In this case using a recursive solution
procedure, it can be shown that

x(nN ) = [U q ( U + C K ) p]nx(0), n = 0, 1, 2, . . . (9)

The stabilityof the closed-loopsystem (7), (8) can be guaranteedby
requiring that the solution of Eq. (9) decay. To this end, it follows
that for the case when p =1 Eq. (9) can be rewritten as

x(nN ) =
£
( U (q + 1) + U q C K )

¤n
x(0), n = 0, 1, 2, . . . (10)

To ensure that the solutions of Eq. (10) decay, we require
that U (q + 1) + U q C K be asymptotically stable. When the pair
[U (q + 1) , U q C ] is stabilizable, this condition can be satis� ed by de-
signing the feedback gain K , for example, using the LQ control
design technique.16 Alternatively, one can use the standard pole
placement algorithms13 to design K such that

q
¡
U (q + 1) + U q C K

¢
< 1 (11)

where q (X ) is the spectral radius of a square matrix X (i.e., the
maximum absolute value among all eigenvalues of X ).

Next, for the pulse-based LQ control of Eq. (7), consider the
stabilizable auxiliary system

z(k + 1) = ˆU z(k) + ˆC v(k) (12)
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where z(k) andv(k) correspondto the state and control, respectively,
of the auxiliary system ˆU

D
= U (q + 1) and ˆC

D
= U q C . Now design

v(k) = K z(k) (13)

that satis� es the followingdesigncriteria: 1) the closed-loopsystem
(12), (13) is globally asymptotically stable and 2) the quadratic
performance functional

J (K )
D
=

1X

k = 0

zT (k)R1z(k) + vT (k)R2v(k) (14)

where R1 is a nonnegative-de�nite, state weighting matrix and R2

is a positive-de�nite, control weighting matrix,16 is minimized. It
follows from Eq. (11) that the state feedback controller gain K that
stabilizes the auxiliary closed-loopsystem (12), (13) also stabilizes
the pulse-based, state feedback control system (7), (8). Thus, we
now determine the pulse-based, state feedback control gain K by
designing an LQ state feedback gain K for the auxiliary system.
Finally, note the case when p > 1 is signi� cantly more involved and
can be addressed by replacing the time-invariant, state feedback
controller (8) by a periodic, state feedback controller. This issue
will be addressed in a future paper.

IV. Illustrative Numerical Simulations
In this section we provide illustrative numerical simulations to

demonstrate the proposed pulse-based,discrete-time,linear control
scheme for the relativepositioncontrolof two spacecraft.The prob-
lem dataare adoptedfromRef. 2. Considera leader-followersatellite
pair to be in the geosynchronousorbit of radius r = 42,241 km. Let
the orbital period be 24 h, thus x =7.2722 £ 10 ¡ 5 radians/s. The
control objective is to regulate the relative x position component to
100 m, the relative y and z positioncomponents to zero, and the rel-
ative x, y, and z velocities to zero with the in-plane control (ux , u y )
and the out-of-plane control uz applied 1 h and 4 h, respectively.
The in-plane control and the out-of-plane control are each turned
on for a 2 min duration at the beginning of their respective cycles.
The control gains for the in-plane and out-of-plane dynamics are
designed using the standard LQ regulation method with quadratic
performance criteria16

Jip =
1X

k = 0

z2
1(k) +

1
x 2

£
v2

x (k) + v2
y(k)

¤
(15)

Jop =
1X

k = 0

z2
5(k) +

1
x 2

v2
z (k) (16)

where zi and vi are transformations of xi and ui to the aux-
iliary coordinate system described in Sec. III. For convenience,
we scale the time units in Eqs. (4), (5), (15), and (16) from
seconds to minutes. This is accomplished by replacing x by

Fig. 1 Pulse-based spacecraft relative position control.

ˆx =60x . Now we design the in-plane state feedbackgain K ip using
[ ˆU 1( ˆx ), ˆC 1( ˆx )] and the quadraticperformance criterion (15) where
ˆU 1( ˆx )

D
= [A1d ( ˆx )](q + 1) , ˆC 1( ˆx )

D
= [A1d ( ˆx )]q B1d ( ˆx ), T1 = 2 min and

q =29. In addition, we design the out-of-plane state feedback
gain Kop using [ ˆU 2( ˆx ), ˆC 2( ˆx )] and the quadraticperformancecrite-
rion (16)where ˆU 2( ˆx )

D
= [A2d ( ˆx )](q + 1) , ˆC 2( ˆx )

D
= [A2d ( ˆx )]q B2d ( ˆx ),

T2 =2 min and q = 119. The system responseto nonzeroinitial con-
ditionx(0) = [200 0 ¡ 100 03 £ 1]T and periodicsolar pressuredif-
ferential described in Refs. 2 and 10 (with appropriate time scaling
to minutes) is given in Fig. 1. Unlike the unstableresponse in Refs. 2
and 10 for the open-loop system, the closed-loopresponse in Fig. 1
is bounded.However, the system responsein Fig. 1 representsoscil-
latory behavior. This is because the system is subjected to periodic
solar pressure differential, and the pulse-based controller is unable
to reject the periodic disturbance. If the solar pressure differential
is assumed to be absent, the closed-loop response asymptotically
tracks the desired set point.

V. Conclusion
In this Note we developed a mathematically rigorous control de-

sign framework for linear control of spacecraft relative position dy-
namics with guaranteedclosed-loopstability. In particular, a pulse-
based control architecture has been proposed that can potentially
lower the fuel consumptionin MSFF. An illustrativenumerical sim-
ulation demonstrated the ef� cacy of the proposed approach. Future
work will consider generalizationof the pulse-based,discrete-time
feedback control law to the case p > 1 via a periodic control archi-
tecture.
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Introduction

I N recent years much effort has been devoted to the closed-loop
design of spacecraft with large angle slews. Vadali and Junkins1

and Wie and Barba2 derive a number of simple control schemes
using quaternion and angular velocity (rate) feedback. Other full-
state feedback techniques have been developed that are based on
variable-structure (sliding-mode) control, which uses a feedback
linearizing technique and an additional term aimed at dealing with
model uncertainty. A variable-structure controller has been devel-
oped for the regulationof spacecraftmaneuversusinga Gibbs vector
parameterization,3 a modi� ed-Rodrigues parameterization,4 and a
quaternion parameterization.5 In both Refs. 2 and 5 a term was
added so that the spacecraftmaneuver follows the shortest path and
requires the least amount of control torque. The variable-structure
control approach using a quaternion parameterization has been re-
centlyexpandedto the attitudetrackingcase.6,7 However, these con-
trollers do not take into account the shortest possible path as shown
in Refs. 2 and 5.

This Note expandsupon the results in Ref. 5 to providean optimal
control law for asymptotic tracking of spacecraft maneuvers using
variable-structurecontrol.It alsoprovidesnewinsightusinga simple
term in the control law to produce a maneuver to the reference
attitude trajectory in the shortest distance. Controllers are derived
for either external torque inputs or reaction wheels.

Background
In this section a brief review of the kinematic and dynamic equa-

tions of motion for a three-axis stabilized spacecraft is shown.
The attitude is assumed to be represented by the quaternion, de-
� ned as q ´ [qT

13 q4]T with q13 ´ [q1 q2 q3]T = n̂ sin( U / 2) and
q4 = cos( U / 2), where n̂ is a unit vector corresponding to the axis
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of rotation and U is the angle of rotation.The quaternionkinematic
equations of motion are derived by using the spacecraft’s angular
velocity (!), given by

Çq = 1
2
X (!)q = 1

2
N (q)! (1)

where X (!) and N (q) are de� ned as

X (!) ´

"
¡ [! £ ] ... !
. . . . . . . . . . . .

¡ !T
... 0

#

, N (q) ´

"
q4 I3 £ 3 + [q13 £ ]
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

¡ qT
13

#
(2)

and In £ n representsan n £ n identitymatrix.The 3 £ 3 dimensional
matrices [! £ ] and [q13 £ ] are referred to as cross-productmatrices
because a £ b = [a £ ]b (see Ref. 8).

Because a three degree-of-freedomattitude system is represented
by a four-dimensional vector, the quaternion components cannot
be independent. This condition leads to the following normaliza-
tion constraint qT q = qT

13q13 + q2
4 =1. Also, the error quaternion

between two quaternions q and qd is de� ned by

±q ´

"
±q13
. . . . .
d q4

#

= q ­ q ¡ 1
d (3)

where the operator ­ denotes quaternion multiplication (see
Ref. 8 for details) and the inverse quaternion is de� ned by q ¡ 1

d =
[ ¡ qd1 ¡ qd2 ¡ qd3 qd4 ]

T . Other useful identities are given by
±q13 = N T (qd )q and d q4 =qT qd . Also, if Eq. (3) represents a small
rotation, then d q4 ¼ 1 and ±q13 corresponds to the half angles of
rotation.

The dynamic equations of motion, also known as Euler’s equa-
tions, for a rotating spacecraft are given by

J Ç! = ¡ ! £ (J!) + u (4)

where J is the inertia matrix of the spacecraftand u is the total exter-
nal torque input. If the spacecraft is equipped with three orthogonal
reaction or momentum wheels, then Euler’s equations become

( J ¡ J̄ ) Ç! = ¡ ! £ (J! + J̄ !̄) ¡ ū (5a)

J̄ ( Ç!̄ + Ç!) = ū (5b)

where J̄ is the diagonal inertia matrix of the wheels, J now includes
themass of thewheels, ¯x is thewheel angularvelocityvectorrelative
to the spacecraft, and ū is the wheel torque vector.

Selection of Switching Surfaces
Optimal Control Analysis

We � rst consider a sliding manifold for a purely kinematic rela-
tionship,with ! as the control input. The variable-structurecontrol
design is used to track a desired quaternion qd and corresponding
angular velocity !d . As shown previously for regulation,5 under
ideal sliding conditions the trajectory in the state space moves on
the sliding manifold. For tracking the following loss function is
minimized to determine the optimal switching surfaces:

P (!) =
1

2

Z 1

ts

£
q ±qT

13±q13 + (! ¡ !d )T (! ¡ !d )
¤

dt (6)

subject to the bilinear system constraint given in Eq. (1). Note that
q is a scalar gain and ts is the time of arrival at the sliding manifold.
Minimization of Eq. (6) subject to Eq. (1) leads to the following
two-point-boundary-value problem:

Çq = 1
2
N (q)! (7a)

Ç̧ = ¡ q N (qd ) N T (qd )q + 1
2
N (¸)! (7b)

where k is the costate vector. The optimal ! is given by

! = ¡ 1
2
N T (q)¸ + !d (8)


