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are observed during the faster process of shape corrections, that is,
for smaller z,.

IV. Conclusions

A novel mathematical model, computer simulations, and exper-
imental verifications of minimum vibrations that occur during a
static shape control using glued collocated piezoelectric actuator/
multichannel fibre-optic sensor pairs is presented. The essence of
the approach consists in the application of an optimum voltage pro-
file obtained off-line by use of Pontryagin’s principle. The applied
optimum voltage profile produced the desired shape modification
with negligible vibration of the structure as predicted by the simu-
lation.

The results obtained from the optimum control technique have
been compared with those of other admissible control profiles. The
experimental and simulation results demonstrated that the devel-
oped Pontryagin’s principle technique creates minimum transient
andresidual vibrationsand allow faster shape correctionmaneuvers.
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I. Introduction

NOVEL concept of distributing the functionality of large

spacecraft among smaller, less expensive, cooperative space-
craftis seriously being considered for numerous space missions (see
also http:/www.vs.afrl.af.mil Factsheets/TechSat21.html).! A prac-
tical implementation of the concept relies on the control of relative
distances and orientations between the participating spacecraft. A
ground-based command and control system for relative positioning
of multiple spacecraft will be excessively burdened and complex
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and may not be able to provide sufficiently rapid corrective control
commands for formation reconfiguration and collision avoidance.
Thus, the concept of autonomous formation flying of spacecraft
clusters is vigorously being studied by numerous researchers. In
particular, NASA and the U.S. Air Force have identified multiple
spacecraft formation flying (MSFF) as an enabling technology for
future missions. NASA has shown a keen interest in the develop-
ment of a reliable autonomous formationkeeping strategy to deploy
multiple spacecraftfor deep space missions, e.g., the Earth Orbiter-I
and the New Millennium Interferometer(NMI), also known as Deep
Space-3.In addition, the U.S. Air Force’s TechSat-21 seeks to push
the frontier in microscale MSFF to enable global awareness and
rapid access to space in the 21st century.

A number of space missions necessitate MSFF. For example,
docking of the space shuttle with a space station requires spacecraft
rendezvous where it is necessary to fly two spacecraftin close for-
mation in order to capture and dock at the specified time with zero
relative velocity. Similarly, spacecraft recovery and servicing mis-
sions rely on MSFFE. Applications of MSFF to a ground-based ter-
restriallasercommunicationsystemare discussedin Ref. 2, whereas
station keeping for the Space Shuttle Orbiter is mentionedin Ref. 3.
In recent years Ref. 4 considered MSFF for NASA’s NMI, which
relies on separated spacecraft interferometry, whereas an MSFF-
based stereo imaging conceptis discussed in Ref. 5. Finally, in the
next millennium the U.S. Air Force’s TechSat 21 is expected to
provide diverse capabilities, including reconfigurable instantaneous
synthetic aperture radar, sensor data fusion from multiple platforms
for stereo imaging, theater-wide surveillance, all weather operation
and performance, etc., leading to the U.S. Air Force mission of
global virtual presence.

Most prior missions requiring MSFF have been carried out using
manual flight control® and have been limited to one-leader-one-
follower configuration. In the case of formation flying of clusters of
multiple spacecraft, collision avoidance becomes a significant issue
for which ground/manual control may not be reliable. Thus, the de-
velopment of autonomous formation control strategies is critical to
the success of MSFF. Even though the conceptof autonomousMSFF
hasnotbeen flight tested yet, several theoreticaland simulation stud-
ies dealing with MSFF have been reported in the literature2>~>7 In
particular, in previous research the nonlinear spacecraftrelative po-
sition dynamic equations have been developed and linearized %10
to obtain the Clohessy-Wiltshire (C-W) equations.9 Furthermore,
an impulsive control-based, discrete-time, spacecraft relative posi-
tion dynamic model and linear quadratic (LQ) regulation technique
have been derivedin Ref. 2. This methodologyhas been extendedto
nonzero set-point tracking control using a combination of feedback
and feedforward control techniques.* An alternative control scheme
using an on-off phase-plane controller can provide ease of imple-
mentation. One such algorithm using differential drag elements for
actuationis reported in Ref. 11. Latest advances in the phase-plane
control design are reported in Ref. 12. Recently, a Lyapunov-based
MSEFF control design framework has been developed in Ref. 7,
which considers absolute attitude alignment and relative transla-
tional motion control.

To minimize fuel consumptionin MSFF, Refs. 2 and 3 have pro-
posed the use of sample-data, full-state feedback impulsive con-
trol schemes. Specifically, a discrete-time model for the linearized
spacecraft relative position dynamics has been derived in Ref. 2,
assuming that the control is applied impulsively at the sampling in-
stant (as opposed to the standard zero-order, sample-and-holdtech-
nique where the control is held constant over the entire sampling
interval'*). However, the approach of Refs. 2 and 3 fails to provide
rigorous, a priori guarantees of the closed-loop system stability.
This technique also fails to take advantage of recent developments
in propulsion technologies. In particular, high-performance Hall
thrusters, pulse plasma thrusters, etc., are currently being developed
to meet the requirements for future MSFF missions.'* These low-
weight, high-performance thrusters are expected to provide contin-
uous thrusting capabilities for short time intervals, several times
every day (if necessary). These advancements in propulsion tech-
nologies necessitate the development of novel pulse-based, space-
craft relative position and orientation control laws. In this Note we



562 J. GUIDANCE, VOL. 23, NO. 3:

develop pulse-based, discrete-time feedback control laws. Specifi-
cally, we design full-state feedback controllers that ensure closed-
loop stability in the presence of pulse-type actuators. Before pro-
ceeding with the developmentof pulse-basedcontrol scheme, in the
next section we review the modeling of spacecraftrelative position
dynamics.

II. Spacecraft Relative Position Dynamic Modeling

In this section we begin with the classical C-W equations’ that
describe the motion of a follower spacecraft relative to a leader
spacecraft. To present the C-W equations, we assume that 1) the
leader spacecraft is in a circular orbit around the Earth with an
angular velocity o and 2) a rectangular moving coordinate frame is
attached to the leader spacecraft with the x axis pointing opposite
to the instantaneous tangential velocity of the leader spacecraft,
the y axis pointing along the instantaneous position vector from
Earth center to the leader spacecraft, and the z axis is mutually
perpendicular to the x and y axis and x-y-z form a right-handed
coordinate frame. Thus, it follows that the z axis is perpendicular
to the orbital plane. Next, let p denote the position vector of the
follower spacecraftrelative to the leader spacecraft. In addition, let
p=xi+yj+zk and ®= ok be the vector representationsof p and
@, respectively,in the moving reference x-y-z. Then, it follows from
Refs. 2 and 10 that the linearized dynamic equations governing the
motion of the follower spacecraft relative to the leader spacecraft
are given by

¥ —20y =F, 1)
¥+ 20t — 30’y =F, )
i+ o’z =F, 3)

where F;, i =x, y, z, is the ith component of the resultant specific
external disturbanceand/or specific control force (i.e., force per unit
mass) acting on the relative motion dynamics.

Equations (1-3) are known as the C-W equations and were origi-
nally derived in the context of the spacecraft rendezvous problem.’
References 2 and 10 have shown that the open-loop spacecraftrel-
ative position dynamics are inherently unstable, and in the absence
of any controlinput, a nonzeroinitial condition or a nonzero exoge-
nous disturbance will cause the two spacecraftto drift apart with the
passage of time.

Next, to design pulse-based, discrete-time controllers that ac-
complish the spacecraft formation flying objective, we begin with
a continuous-time, state-space descgiption oAf Eqgs. (A173). TXILIS, we
define the state variablesx; =x, x, =X, x3 =y, x4 =y, X5 =z, and
x¢ =Z. Using these state variables and observing the fact that the
in-plane (x-y) dynamics are decoupled from the out-of-plane(z) dy-
namics, the state-space description for the combined in-plane and
out-of-plane dynamics is given by

. _ Al(w)  Ogx2 B, 04 x1
) = |: 07 x4 Az(@)i|x(t) i |:02 X2 B, i|u(t) @

A A
wherex =[x, x; x3 x4 x5 x6]", u=[u, u, u,]", and

0 1 0 0 00
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with u; for i =x, y, z being the control input.

Next, we obtain a sampled-data representation of the preceding
continuous-time, state-space model of spacecraft relative position
dynamics.!* Thus, let 7; and 7, be the in-plane and out-of-plane
sampling intervals, respectively,and define
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With the preceding notation the combined in-plane and out-of-plane
sampled-data spacecraftrelative position dynamics are given by

A(o) 04 x2 Biy(®)  O4x;
*h+1) = |: 02 x4 Azd(@)i|x(k) i |: 02 x2 Bzd(@)i| “(
(6)

wherex(k)é[xl(le) xo(kTy) x3(kTy) x4(kT)) x5(kT>) x6(kTp)]",
u(k) = [, (KT)) uy(kTy) uz (kT)]", ete.

III. Linear Pulse Control

As discussed earlier, a number of advanced pulse-type actuation
technologies are currently being developed for spacecraft propul-
sion. Furthermore, it appearsthat, atleastfor the Earth-centricMSFF
missions, itis wiserto exploit Kepler than to fight Kepler.!> Thus, the
various leader and follower spacecraftin the cluster of cooperative
spacecraft can be typically parked in their natural orbits between
useful mission operation periods. Next, for useful mission opera-
tion, the participating spacecraft can achieve the desired formation
while still in their natural orbits. However, to extend the formation
life for each cycle, it will be necessary to provide control thrust
to mitigate the destabilizinginfluence of gravitational perturbation,
differential drag, solar pressure disturbance, etc. In this section we
develop pulse-basedcontrollersthatutilize continuousthrusting, for
possibly short intervals, to achieve and maintain the formation con-
figuration. The proposed pulse-based control design methodology
is outlined next.

Consider the time-invariant, pulse-based, discrete-time feedback
control system

x(k + 1) = dx(k) + Tu(k), k=0,1,... (7)

u(k) = Kx(k), k=nN,...,nN+p—1

=0, k=nN+p,....aN+p+qg—1 (8

where x is the system state vector, u is the control input vector, @ is
the system dynamic matrix, I' is the input matrix,n =0, 1,2, ...,
and N = p + g is the number of samples in one complete cycle over
which the control is first turned on for p samples and then off for
the remaining ¢ samples. In this case using a recursive solution
procedure, it can be shown that

x(nN) = [®?(D + T'K)?]"x(0), n=0,1,2... (9
The stability of the closed-loopsystem (7), (8) can be guaranteed by
requiring that the solution of Eq. (9) decay. To this end, it follows
that for the case when p =1 Eq. (9) can be rewritten as

x(nN) =[(@“*) + 0T K)]"x(0), n=0,1,2,... (10)
To ensure that the solutions of Eq. (10) decay, we require
that ®“*D + ®ITK be asymptotically stable. When the pair
[@®@*D ®T] is stabilizable, this condition can be satisfied by de-
signing the feedback gain K, for example, using the LQ control
design technique.!® Alternatively, one can use the standard pole
placement algorithms'? to design K such that

p(@*Y + @TK) < 1 (11)

where p(X) is the spectral radius of a square matrix X (i.e., the
maximum absolute value among all eigenvalues of X).

Next, for the pulse-based LQ control of Eq. (7), consider the
stabilizable auxiliary system

2k + 1) = dz(k) + Tv(k) (12)
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wherez(k) andv (k) corres;A)ondto the state aAnd control, respectively,
of the auxiliary system ® =®“*D and I' = ®9T". Now design

v(k) = Kz(k) (13)

that satisfies the following design criteria: 1) the closed-loopsystem
(12), (13) is globally asymptotically stable and 2) the quadratic
performance functional

JK)E Y 2" () Rz(k) + v (k) Ryv (k) (14)

k=0

where R, is a nonnegative-defnite, state weighting matrix and R,
is a positive-definite, control weighting matrix,'® is minimized. It
follows from Eq. (11) that the state feedback controller gain K that
stabilizes the auxiliary closed-loop system (12), (13) also stabilizes
the pulse-based, state feedback control system (7), (8). Thus, we
now determine the pulse-based, state feedback control gain K by
designing an LQ state feedback gain K for the auxiliary system.
Finally, note the case when p > 1 is significantly more involved and
can be addressed by replacing the time-invariant, state feedback
controller (8) by a periodic, state feedback controller. This issue
will be addressed in a future paper.

IV. Illustrative Numerical Simulations

In this section we provide illustrative numerical simulations to
demonstrate the proposed pulse-based, discrete-time, linear control
scheme for the relative position control of two spacecraft. The prob-
lemdataare adoptedfromRef. 2. Consideraleader-followersatellite
pair to be in the geosynchronousorbit of radius r =42,241 km. Let
the orbital period be 24 h, thus @ =7.2722 X 1073 radians/s. The
control objective is to regulate the relative x position component to
100 m, the relative y and z position componentsto zero, and the rel-
ative x, y, and z velocities to zero with the in-plane control (u,, u,
and the out-of-plane control u, applied 1 h and 4 h, respectively.
The in-plane control and the out-of-plane control are each turned
on for a 2 min duration at the beginning of their respective cycles.
The control gains for the in-plane and out-of-plane dynamics are
designed using the standard LQ regulation method with quadratic
performance criteria'®

> 1
By = D8 + = [V + V0] (15)
k=0
- 1
Jop = ;zﬁ(m + =ik (16)

where z; and v; are transformations of x; and u; to the aux-
iliary coordinate system described in Sec. III. For convenience,
we scale the time units in Eqs. (4), (5), (15), and (16) from
seconds to minutes. This is accomplished by replacing @ by
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Fig.1 Pulse-based spacecraft relative position control.
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@& =60w. Now we design the in-plane state feedback gain K, using
[®,(®), ' (®)] and the quadratic performance criterion (15) where
B1(6) =[A1(@)]9*D, I'1(0) Z[A14(&)1 Big(®), T; =2 minand
q =29. In addition, we design the out-of-plane state feedback
gain K, using [d32 (D), fz(cb)] and the quadratic performance crite-
rion (16) where ®;(®) =[A2(®)]* ", I'2(d) = [Asa(#)) Bru (),
T, =2minandg =119. The systemresponseto nonzeroinitial con-
ditionx(0) =[200 0 —100 03 x;]? and periodic solar pressure dif-
ferential described in Refs. 2 and 10 (with appropriate time scaling
to minutes) is givenin Fig. 1. Unlike the unstableresponsein Refs. 2
and 10 for the open-loop system, the closed-loopresponse in Fig. 1
is bounded. However, the systemresponsein Fig. 1 representsoscil-
latory behavior. This is because the system is subjected to periodic
solar pressure differential, and the pulse-based controller is unable
to reject the periodic disturbance. If the solar pressure differential
is assumed to be absent, the closed-loop response asymptotically
tracks the desired set point.

V. Conclusion

In this Note we developed a mathematically rigorous control de-
sign framework for linear control of spacecraftrelative position dy-
namics with guaranteed closed-loop stability. In particular, a pulse-
based control architecture has been proposed that can potentially
lower the fuel consumptionin MSFF. An illustrativenumerical sim-
ulation demonstrated the efficacy of the proposed approach. Future
work will consider generalization of the pulse-based, discrete-time
feedback control law to the case p > 1 via a periodic control archi-
tecture.
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Introduction

N recent years much effort has been devoted to the closed-loop

design of spacecraft with large angle slews. Vadali and Junkins!
and Wie and Barba® derive a number of simple control schemes
using quaternion and angular velocity (rate) feedback. Other full-
state feedback techniques have been developed that are based on
variable-structure (sliding-mode) control, which uses a feedback
linearizing technique and an additional term aimed at dealing with
model uncertainty. A variable-structure controller has been devel-
opedfortheregulationof spacecraftmaneuversusing a Gibbs vector
parameterization? a modified-Rodrigues parameterization;' and a
quaternion parameterization® In both Refs. 2 and 5 a term was
added so that the spacecraft maneuver follows the shortest path and
requires the least amount of control torque. The variable-structure
control approach using a quaternion parameterization has been re-
cently expandedto the attitude tracking case.>7 However, these con-
trollers do not take into account the shortest possible path as shown
in Refs. 2 and 5.

This Note expandsupon the resultsin Ref. 5 to provide an optimal
control law for asymptotic tracking of spacecraft maneuvers using
variable-structurecontrol. It also providesnew insightusing a simple
term in the control law to produce a maneuver to the reference
attitude trajectory in the shortest distance. Controllers are derived
for either external torque inputs or reaction wheels.

Background

In this section a brief review of the kinematic and dynamic equa-
tions of motion for a three-axis stabilized spacecraft is shown.
The attitude is assumed to be represented by the quaternion, de-
fined as g=[¢7, 41" with qi3=[g, ¢» ¢;]" =Asin(®/2) and
qs = cos(®/2), where 7 is a unit vector corresponding to the axis
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of rotation and @ is the angle of rotation. The quaternion kinematic
equations of motion are derived by using the spacecraft’s angular
velocity (w), given by

i =10(w)g = LE(gw )
where €2(w) and = (q) are defined as

qal3 x5 + [q13X]

and [, x, representsann X n identity matrix. The 3 X 3 dimensional
matrices [w X] and [q3 X] are referred to as cross-productmatrices
becausea Xb =[a X]b (see Ref. 8).

Because a three degree-of-freedomattitude system s represented
by a four-dimensional vector, the quaternion components cannot
be independent. This condition leads to the following normaliza-
tion constraint g’q =¢7,¢,; + g7 =1. Also, the error quaternion
between two quaternions g and ¢, is defined by

dg= |- =q® q;1 @3)

where the operator ® denotes quaternion multiplication (see
Ref. 8 for details) and the inverse quaternion is defined by qu =
[—94y —qa, —4ay 49a,]". Other useful identities are given by
8q13 =27(q4)q and 5q4 =q" q4. Also, if Eq. (3) represents a small
rotation, then &g, =~ 1 and dq,; corresponds to the half angles of
rotation.

The dynamic equations of motion, also known as Euler’s equa-
tions, for a rotating spacecraft are given by

Jw=—wX{Jw)+u 4)

where J is the inertia matrix of the spacecraftand u is the total exter-
nal torque input. If the spacecraftis equipped with three orthogonal
reaction or momentum wheels, then Euler’s equations become

J-Nw=-wX{Jw+J®) —i (5a)
J@+w) =i (5b)

where J is the diagonalinertia matrix of the wheels, J now includes
the mass of the wheels, @is the wheel angularvelocity vectorrelative
to the spacecraft, and @ is the wheel torque vector.

Selection of Switching Surfaces

Optimal Control Analysis

We first consider a sliding manifold for a purely kinematic rela-
tionship, with w as the control input. The variable-structurecontrol
design is used to track a desired quaternion ¢, and corresponding
angular velocity w,. As shown previously for regulation,’ under
ideal sliding conditions the trajectory in the state space moves on
the sliding manifold. For tracking the following loss function is
minimized to determine the optimal switching surfaces:

1 00
MN(w) = 5/ [Pdq130q15 + (w — wo) (W — wa)]dt (6)

s

subject to the bilinear system constraint given in Eq. (1). Note that
p is a scalar gain and ¢, is the time of arrival at the sliding manifold.
Minimization of Eq. (6) subject to Eq. (1) leads to the following
two-point-boundary-vahe problem:

§ =3E(Qw (7a)
A =—pE(g)Z"(q)q + 2EMw (7b)
where A is the costate vector. The optimal w is given by

w=-

EN@A + wy ®)
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